Abstract. In this paper we address a rectangular packing problem (RPP), which is one of the most difficult NP-complete problems. Borrowing from the respective advantages of the two algorithms, a hybrid of genetic algorithm (GA) and simulated annealing (SA) is developed to solve the RPP. Firstly, we adopt and improve Burke's best-fit (BF) placement strategy, which is not restricted to the first shape but may search the list for better candidate shapes for placement. Secondly, we propose a new crossover operator, named Improved Precedence Operation Crossover (IPOX), which can preserve the valuable characteristics of the previous generation. At last, using a new temperature and iterations strategy and Boltzmann-type operator, we propose SA to re-intensify search from the promising solutions. The computational results validate the quality and the effectiveness of hybrid algorithm.
Introduction
The rectangular packing problem consists of cutting small rectangular pieces from the large rectangular plate in order to minimize the unused area, or equivalently, packing rectangular pieces into a large but finite rectangular plate in order to maximize the plate utilization. The problem is relevant both theory and practice, which applying in textile, steel, wood and other industries.
Many meta-heuristic packing algorithms have been applied to solving this problem in the literature. For instance, see Jakobs [1] , Lai and Chan [2] . Leung et al. [3] carried out extensive comparisons of these heuristics. Hopper and Turton [4] present an empirical investigation of meta-heuristic and heuristic algorithms for the two-dimensional packing problem. Soke et al. [5] compared hybrid genetic algorithm and simulated annealing for the two-dimensional non-guillotine rectangular packing problems. Leung et al. [6] discussed application of a mixed simulated annealing-genetic algorithm heuristic for the two-dimensional orthogonal packing problem. Burke et al. [7] proposed the best-fit heuristic that uses a dynamic ordering for the rectangles to be placed. Vuuren et al. [8] present a new and improved level heuristic for the variable-sized bin packing problems.
In this paper a hybrid heuristic is proposed for rectangular packing problem which combines improved precedence operation crossover (IPOX) based on genetic algorithm with Boltzmann-type operator based on simulated annealing and improved placement policy based on Burke's method.
Placement strategy based on the best-fit heuristic
The rectangular packing problem has the following characteristics: a set of items, which may contain identical items and do not overlap; one single object of fixed width and infinite height; all items are of rectangular shape; items can be rotated by 90 degrees.
A packing pattern may be represented by a permutation, which corresponds to the sequence in which the small rectangles are packed. Different strategies are considered for packing the pieces. (1) A new placement policy, based on the best-fit heuristic placement strategy, is applied to pack the pieces corresponding to a particular permutation. This process is also called decoding, and the pattern thus formed is also called a phenotype. (2) A mixed heuristic, denoted by HGASA, is developed to combine genetic algorithm and simulated annealing. This process is also called encoding, and a permutation thus found is a genotype.
Burke et al. [7] describe the best-fit heuristic placement strategy, which has been widely accepted because of its combination of three niche-placement policies, with each policy indicating how a shape could be placed when it does not fit exactly into the lowest niche. Their three policies can be summarized as follows: place at leftmost; place next to tallest neighbor; place next to lowest neighbor. The best-fit heuristic repeats the following two operations until all the rectangles are placed: (1) find the lowest segment of the current skyline and (2) place the best-fitting rectangle on the segment. An example is shown in figure 1 . From above, Burke's strategy may cause some poorer-quality placement due to towers, where towers are produced when long thin rectangles are placed in portrait orientation near to the top of the nest. An improved step will be conducted after all rectangles have been placed. If the greatest height shape on top of the nest is searched, then the shape will be removed from the packing and rotated by 90 degrees and placed as low as possible. If the solution quality is improved by this operation, a new highest rectangle will be searched and the step will be performed again. The operation is repeated until there is no improvement in solution quality.
Hybrid genetic algorithm with simulated annealing
Application of genetic algorithm for RPP. Genetic algorithm is search and optimization procedures which operate in a similar way to the evolutionary processes. The search is guided to improvement using the survival of the fittest principle. The quality of each solution is evaluated and the fitter individuals are selected for the reproduction process. Operators such as selection, crossover and mutation are used to explore the neighborhood and generate a new generation.
1. Representation and decoding. A chromosome represents a solution to the problem and is encoded as a vector of operators. The sequence (genotype) is then given as input to an on-line heuristic in order to produce the best possible packing (phenotype) and compute the value of the corresponding heuristic solution. Each solution chromosome is made of n genes where n is the number of rectangles to be packed. Chromosome= (gene 1 , gene 2 , …, gene n-1 , gene n ). The n genes are used to obtain the rectangle packing sequence, which is going to be used by the placement strategy. The decoding of each chromosome is accomplished by sorting the genes and packing the rectangles in ascending order of the sort.
2. Crossover operation. To apply crossover operation successfully to the RPP, we must satisfy the following criteria: completeness, feasibility, non-redundancy and characteristics preservation. We
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Materials and Product Technologies II think that the characteristics preservation and the feasibility are the most important criteria to design crossover operation. So a new crossover operator named improved precedence operation crossover (IPOX) is proposed for the operation-based representation. Given chromosome, parent1 and parent2, crossover applied IPOX generates the children, child1 and child2, by the following procedure:
(1) Randomly choose the set of packing numbers, {1, 2 … n} into one exclusive subset P1.
(2) Copy those numbers from parent1 to child1 and from parent2 to child2, preserving their locus. (3) Copy those numbers in P1, which are not copied at step (2) , from parent2 to child1 and from parent1 to child2, preserving their order. The operation is shown in figure 2.
Fig. 2 IPOX crossover
3. Mutation operation. Mutation is used to produce perturbations on chromosomes in order to maintain the diversity of population. In this paper, two types of mutation operators named inversion mutation and insertion mutation are used. Inversion mutation serves to maintain the diversity in population. Insertion mutation is used not only to produce small perturbations but also to perform intensive search in order to find an improved offspring. Two mutations are described as follows:
(1) Inversion mutation inverts the substring between two different random positions.
(2) Insertion mutation selects two elements randomly and inserts the back one before the front one. Implements the insertion procedure n times and chooses the best one.
Application of simulated annealing for RPP. Simulated annealing is a local search algorithm, which is based on the analogy between the process of finding a possible best solution and the annealing process of a solid to its minimum energy state in statistical physics. Operators such as state expression, neighborhood move, reach of thermal equilibrium, and cooling function.
Temperature and iterations.
The iterations is set as the number n to carry out the algorithm, the initial temperature, T 0 , and the final temperature, T 1 (T 1 >T 0 ). After every generation, the temperature is decreased by T, usually by a proportion α (cooling rate). So after n generations, the temperature becomes T 1 =α n T 0 . 2. eighborhood move. Two neighborhood moves were basically employed: swapping move and shifting move. In swapping move, randomly selects two genes in solution and swaps the positions of these genes, and a neighborhood solution is produced. In shifting move, two genes are randomly selected in solution and second gene is put in front of another gene, and a new solution is obtained.
3. SA operator. First, parent 1 is compared with child 1, if child 1 is better, child 1 will replace parent 1. If parent 1 is better, child 1 will replace parent 1 with a certain chosen probability. The same procedure will then be applied to parent 2 and child 2. Suppose the fitness values, F, with F P > F C (parent is better), and a random number, r, between 0 and 1. If exp 100%
, then a child may be selected even if it is inferior compared to the parent. The above exponential function is called a Boltzmann function, and the operator is also called Boltzmann-type operator. The basic idea of hybrid strategies. In order to maintain the advantages of GA and SA algorithms to improve the computational efficiency of the algorithm, various improvement strategies have been proposed in practical application. By adding the Boltzmann-type operator to IPOX operator, a hybrid GA and SA algorithm (HGASA) will be obtained. First, we carry out with GA for global search and make groups of individuals located in most regions of the solution space, then begin to use SA local search each individual from the group to improve the group quality. Hybrid strategy effectively combines a wide range parallel search ability of GA and local search ability of SA. When starting to use GA to conduct large-scale search until convergence to a certain degree, the relative position of each individual relatively fixed, then using SA local search, this mixed algorithm not only reduces the number of calls, computing less, but also make full use of both advantages.
For GA, the operator is not selected for its higher probability of fitness value to survive, but the excessive choice will attract the search process over to the vicinity local minima thus easily enable all individuals quite similar. Once the individual of group tend to become the same and the mature has not happened yet, selection and exchange operations can hardly fetch in new genes. Only through mutation can the group shift, while the mutation probability is small, algorithm is in the old state of wandering for a long time and the search efficiency is very low, eventually premature will occur. At this time, SA is called for local search as a certain probability of acceptance of inferior solutions, to a certain extent delaying premature occurrence and tending to increase the probability of the global optimal solution. Therefore, the introduction of SA can occur to some extent delay premature.
By analyzing genetic algorithm and simulated annealing, a strategy mixing GA with SA will be proposed. The hybrid algorithm process is as shown in figure 3. 
Computational results
In order to evaluate the effectiveness of the hybrid algorithm for the rectangle packing problem, several famous test problems is used from the literature, which presented in Hopper and Turton
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Materials and Product Technologies II (2001) in seven different-sized categories (each category has three problems of similar size and object dimension). In Hopper and Turton's comparison of bottom-left and bottom-left-fill algorithms, bottom-left-fill produced the better solutions. Burke et al. (2004) presented that the proposed best-fit heuristic outperforms bottom-left-fill. We are using a hybrid measure from that of Burke et al., involving the total height of the packing and not the density of the packing. From table 1, the bottom-left-fill heuristic performs better than bottom-left, the best-fit heuristic exceeds bottom-left-fill, and the HGASA algorithm outshines the best-fit heuristic. The best solutions are shown in bold type. Table 1 Comparison of the HGASA algorithm to bottom-left, bottom-left-fill and the best-fit heuristics (% over optimal)
Summary
In this paper we addressed a rectangular packing problem, where a fixed set of small rectangles has to be placed on a larger stock rectangle in such a way that the amount of trim loss is minimized. We have described a hybrid approach based on the best-fit methodology and have presented an efficient implementation of the heuristic. Using a set of instances taken from the literature and compared with other approaches, our hybrid heuristic has produced better results than bottom-fill, bottom-left-fill and the best-fit heuristics. Therefore, the hybrid algorithm could be applied to the areas with the possibility of similar improvements in solution quality. 
